Let R be a ring and consider the category Mod R of (right) R-modules. Given a class C of R-modules, a morphism M ! N in Mod R is called a left C-approximation of M provided that N belongs to C and the induced morphism Hom R (N; C) ! Hom R (M; C) is surjective for every C in C. This concept has been introduced by Auslander and Smal 2], and independently by Enochs 5]. Approximations arise naturally in various situations, for instance in representation theory of nite dimensional algebras, in particular in tilting theory, or in commutative algebra. In this note we address the problem of nding minimal approximations. In general, a left C-approximation M ! N of M is not uniquely determined by M, but it happens quite often that there exists an approximation : M ! N which is left minimal in the sense that any endomorphism of N satisfying = is an isomorphism. Note that such a minimal approximation of M is unique up to isomorphism.
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This paper is divided into four sections. In Section 1 we characterize the mor- always exists if N is pure-injective. In Section 2 we discuss criteria for a class C of R-modules such that every R-module admits a left C-approximation. In Section 3 we introduce a new class of modules M which we call product-complete since the class Add M of direct summands of coproducts of copies of M is closed under taking products. We prove that an R-module M is product-complete if and only if every R-module admits a (minimal) left Add M-approximation. In fact, we provide a host of characterizations of such modules which indicate that productcomplete modules are particulary well-behaved. For example, every endo nite module is product-complete. More precisely, we prove in Section 4 that a module M is endo nite if and only if every direct summand of M is product-complete. This paper originates from discussions during a visit of the rst named author at the University of Murcia. He would like to thank for nancial support and hospitality which made this stay highly pleasant.
Left minimal morphisms
Let R be a an associative ring with identity. We consider the category Mod R of (right) R-modules and denote by mod R the full subcategory of nitely presented R-modules. The assumption on N implies that S is a semi-perfect ring, and therefore every nitely generated S-module has a projective cover in Mod S.
By duality, it follows that Im F( ) has an injective envelope in B, and the assertion is now a consequence of Proposition 1.2. Remark 1.5. We leave it to the reader to formulate the dual statements of Proposition 1.2 and Corollary 1.4. For instance, the dual of Corollary 1.4 generalizes the well-known fact that any nitely generated module over a semi-perfect ring has a projective cover.
Left approximations
Let A be any category and C be any class of objects in A. We begin our discussion with a criterion for a class of modules to be covariantly nite. Suppose that C is a class of R-modules which is closed under direct summands. It is easily seen that C needs to be closed under taking products if C is covariantly nite in Mod R. Corollary 2.4. Let C be any class of pure-injective R-modules which is closed under direct summands. Then the following are equivalent:
(1) Every R-module has a left C-approximation.
(2) Every R-module has a minimal left C-approximation. 3. Product-complete modules Given any R-module M we denote by Add M the full subcategory of R-modules which are direct summands of coproducts of copies of M. Note that Add M is the smallest full subcategory of Mod R which contains M and is closed under forming arbitrary coproducts and direct summands. Our main result is a characterization of the fact that Add M is closed under taking products.
Theorem 3.1. The following are equivalent for an R-module M:
(1) Add M is closed under taking products. (2) Every product of copies of M is a direct summand of a coproduct of copies of M. (3) Every product of copies of M is a coproduct of (indecomposable) direct summands of M. (4) Every R-module has a (minimal) left Add M-approximation. We call a module M product-complete if M satis es the equivalent conditions of the preceding theorem.
Recall that a module M is -pure-injective if every coproduct of copies of M is pure-injective. We shall work with the following characterization of a -pureinjective module.
Lemma 3.2. A module M is -pure-injective if and only if there exists a cardinal
such that every product of copies of M is a pure submodule of a coproduct of modules having cardinality at most . Proof. See 9] .
We shall also need the following property of a -pure-injective module. We give an example of a -pure-injective module which is not product-complete.
Example 3.4. Let R = Z and let M = Z p 1 be a Pr ufer group. This module is -pure-injective but not product-complete. However M`Q is product-complete. Proof. If A is a locally noetherian category, then Inj A is closed under taking direct limits 6, p.358]. The assertion is therefore a consequence of the construction given in the preceding proof.
In 17], Ziegler introduced a topology on the set Ind R of isomorphism classes of indecomposable pure-injective R-modules, and it is also possible to characterize the product-complete modules in terms of this topology. Proposition 3.7. A module M is product-complete if and only if M is -pureinjective and the indecomposable direct summands of M form a Ziegler-closed subset of Ind R. Proof. In 11, Proposition 8.7] it is shown that for every -pure-injective module M the indecomposable direct summands of products of copies of M form a Zieglerclosed set. Using the characterization (2) in Theorem 3.1 the assertion follows.
